The problem of unsteady laminar flow and heat transfer of two viscous immiscible fluids through a horizontal channel with permeable walls is investigated for the case of time-dependent oscillatory transpiration velocity. The partial differential equations governing the flow and heat transfer are solved analytically using two-term harmonic and non-harmonic functions in both regions of the channel. Effects of physical parameters such as viscosity ratio, conductivity ratio and Prandtl number on the velocity and temperature fields are depicted graphically while the influence of oscillation amplitude and frequency on the flow velocity and temperature is shown in a tabular form.
Introduction
The flow and heat transfer problems of viscous fluids through a permeable-walled passages is important in many spheres of science and engineering. The permeable-walled ducts are used in heat exchangers, solar energy collectors, transpiration cooling of gas-turbine blades, combustion chambers, exhaust nozzles, porous-walled flow reactors [2] . Also, porous or permeable walls were used in the past to simulate a variety of surface mechanisms. These include natural transpiration, phase sublimation, propellant burning, ablation cooling, and uniformly distributed irrigation. Such mechanisms take place in a number of interesting models of bio-circulatory systems, flow filtration, chemical dispensing, rocket propellant combustion, and other membrane separation processes [3] . Investigations of laminar porous channel flows were initiated by Berman in 1953 [1] . After Berman's work several studies on the topic followed. For example, Zaturska et al. reported on the flow of a viscous fluid driven along a channel by suction at porous walls [4] . A two-dimensional flow of a viscous fluid in a channel with porous walls was considered in [5] . More recently, King performed an asymptotic analysis of the steady-state and time-dependent Berman problem [6] . Problems involving immiscible multi-phase flow, heat transfer and multi-component mass transfer also arise in a number of scientific and engineering disciplines. Important applications include petroleum industry, geophysics and plasma physics. In modeling such problems, the presence of a second immiscible fluid phase adds a number of complexities as to the nature of interacting transport phenomena and interface conditions between phases. In general, multi-phase flows are driven by gravitational and viscous forces. There were some theoretical and experimental works on stratified laminar flow of two immiscible fluids in a horizontal pipe [7] [8] [9] . A two-phase MHD flow and heat transfer in a parallel plate channel with one of the fluids being electrically conducting was studied in [10] . Two-phase MHD flow and heat transfer in an inclined channel was investigated in [11] . Chamkha reported analytical solutions for the flow of two-immiscible fluids in porous and non-porous parallel-plates channels [12] . Later on, magnetohydrodynamic two-fluid convective flow and heat transfer in composite porous medium was analyzed in [13] [14] [15] . All of the above mentioned studies pertain to a steady flow. However, a significant number of problems of practical interest are unsteady. The flow unsteadiness may be caused by a change either in the free stream velocity, or in the surface temperature (surface heat flux), or in both. When there is an impulsive change in the velocity field, the inviscid flow is developed instantly, but the flow in the viscous layer near the wall is developed slowly which becomes a fully developed steady flow after sometime. The effects of free stream oscillations and free convection currents on the flow past an infinite vertical plate with constant suction were studied in [16, 17] . Soundalgekar studied free connvection effects on oscillatory flow past a vertical plate with suction [17] . The oscillatory MHD channel flow and a heat transfer under a transverse magnetic field were analyzed in [18] . The unsteady flows in a semiinfinite expanding pipe with injection through a wall were considered in [19] . An oscillatory flow of unsteady convective fluid in an infinite vertical porous stratum was studied in [20] . Recently, Chamkha studied unsteady MHD convective heat and mass transfer past a semi-infinite vertical permeable moving plate with heat absorption [21] . Keeping in view the wide area of practical importance of multi-fluid flows as mentioned above, it is the objective of the present study to investigate unsteady flow and heat transfer of two immiscible fluids in a horizontal channel with transpiring walls with time-dependent oscillating normal velocity.
Mathematical Formulation
The physical configuration Fig. 1 consists of two infinitely long, parallel and permeable plates maintained at different constant temperatures, extending in the Z and X directions. The region 0 ≤ y ≤ h (Region-I) is filled with a viscous fluid having density ρ 1 , dynamic viscosity µ 1 , specific heat at constant pressure Cp 1 and thermal conductivity K 1 . The region −h ≤ y ≤ 0 (Region-II) is filled with a different viscous fluid having density ρ 2 , dynamic viscosity µ 2 , specific heat at constant pressure Cp 2 and thermal conductivity K 2 .
It is assumed that the flow is unsteady, fully developed and that all fluid properties are constant. The flow in both regions is assumed to be driven by a common pressure gradients ((−∂p/∂x)) and temperature gradients ∆T = T w1 − T w2 , where T w1 is the temperature of the wall boundary at y = h and T w2 is the temperature of the wall boundary at y = −h.
Under these assumptions and considering ρ 1 = ρ 2 = ρ 0 and Cp 1 = Cp 2 = Cp, the governing equations of motion and energy [10] are formulated:
where u is the x-component of fluid velocity, v is the y-component of fluid velocity and T is the fluid temperature. The subscripts 1 and 2 correspond to region-I and region-II, respectively. The boundary conditions on velocity are the no-slip boundary conditions which require the x-component of velocity to vanish at the wall. The boundary conditions on temperature are the isothermal conditions. We also assume continuity of velocity, shear stress, temperature and heat flux at the interface between the two fluid layers at y = 0.
The hydrodynamic boundary and interface conditions for the two fluids can then be written as
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The thermal boundary and interface conditions on temperature for both fluids are given by:
The continuity equations of both fluids (Eqs (1), (4)) imply that, v 1 and v 2 are independent of y, they can be utmost functions of time alone. Hence, we can write (assuming
where A is a real positive constant, ω is the frequency parameter and ε is a small constant such that εA ≤ 1. Here it is assumed that the transpiration velocity varies periodically with time about a non-zero constant mean v 0 (Sturat, 1955). When εA = 0, the case of constant transpiration velocity is recovered. Using the following non-dimensional quantities:
and for simplicity dropping the asterisks, Eqs (2) - (6) become:
where Pr = ρνCp/K 1 is the Prandtl number; α = µ 2 /µ 1 is the ratio of dynamic viscosities and β = K 2 /K 1 is the ratio of thermal conductivities.
The hydrodynamic and thermal boundary and interface conditions for both fluids in non-dimensional form become
Closed-Form Solutions
The governing momentum Eqs (11) and (13) along with the energy Eqs (12) and (14) are solved subject to the boundary and interface conditions Eqs (15) and (16) for the velocity and temperature distributions in both regions. These equations are coupled partial differential equations that can not be solved in a closed form. However, it can be reduced to ordinary differential equations by assuming:
This is a valid assumption because of the choice of v as defined in Eq. (9) that the amplitude Aε 1.
Considering the real part of e iωt , Eqs (17) and (18) become:
By substitution of Eqs (19) and (20) into Eqs (11) to (16), keeping the harmonic and nonharmonic terms and neglecting the higher order terms of ε 2 , one obtains following pairs of equations:
Region-I:
periodic coefficients
Region-II:
The corresponding boundary and interface conditions become as follows:
Non-periodic coefficients
Periodic coefficients
Eqs (21) -(28) along with the boundary and interface conditions Eqs (29) -(32) represent a system of ordinary differential equations and conditions that can be solved in a closed form.
The solutions of non-periodic (harmonic) terms lead to the steady flow solutions for both fluids. Without going into detail, the steady-state velocity and temperature profiles can be shown in a following form:
On the other hand, the solutions of periodic (non-harmonic) terms or transient velocity and temperature profiles in both regions of the channel (Region-I and Region-II) take on different forms depending on the value of 4ω tan ωt for both velocity and temperature. These forms or cases can be shown to be the following ones: 
Case-II 
Case-III 
It should be noted that all of the constants appearing in the above solutions are defined in the Appendix section.
Results and Discussion
In this section, representative flow and heat transfer results for unsteady oscillatory flow of two immiscible fluids through a horizontal channel with time-dependent transpiration velocity are presented and discussed for various parametric conditions. Although exact solutions were obtained for the steady-state conditions with constant transpiration velocity, analytical solutions for variable transpiration velocity were obtained under the constraint that the coefficient of cosine of periodic frequency parameter ε is small as shown in Eqs (17), (18) As the viscosity ratio increases, the velocity profiles are suppressed for frequency parameter less than inverse tangential periodic frequency parameter (4ω tan ωt < 1). Another words, as the fluid in the lower region becomes thick and hence, the velocity decreases. The temperature profiles are also suppressed as the viscosity ratio increases as shown in Fig. 3 . The magnitude of suppression is less in Region-II compared to Region-I. Fig. 4 depicts the effect of thermal conductivity ratio β on the temperature profiles. Asβ increases, and the magnitude of suppression is larger in Region-II compared to Region-I. This is obvious because the lower plate is maintained at a lower temperature compared to Region-I. The effect of Prandtl number on temperature profiles is shown in Fig. 5 . The Prandtl number is a measure of momentum diffusion to heat diffusion. It is a measure of the relative importance of viscosity and heat conduction in a flow field. Thus, as the Prandtl number increases, the viscous forces dominate over heat conduction and hence, the temperature decreases. Figs 3 -5 are drawn for a frequency parameter less than Prandtl number (4ω tan ωt < Pr).
Typical temperature profiles are shown in Fig. 6 for a comparable frequency parameter and Prandtl number (4ω tan ωt = Pr). As the frequency coefficient ω increases, the temperature increases. However, this increase in temperature is more rapid for small values of ω compared to larger values of ω and there will be no change in temperature for ω > 5 and onwards. This behavior can clearly be seen in Fig. 6 . Fig. 7 depicts the velocity profiles for frequency parameter greater than the inverse tangential periodic frequency parameter (4ω tan ωt > 1). As the viscosity ratio α increases, the flow velocity in the channel decreases which is a similar result for the case when 4ω tan ωt < 1. Figs 8 -10 show the temperature profiles for a frequency parameter greater than the Prandtl number (4ω tan ωt > Pr). As the viscosity ratio increases, the flow field is suppressed and its velocity decreases as shown in Fig. 8 . The magnitude of suppression is large in Region-I compared to Region-II. The temperature decreases as the conductivity ratio β and Prandtl number increase which is the same result as the obtained for the case when 4ω tan ωt < Pr.
Tables 1 -6 display the effects of the amplitude and periodic frequency parameter on the flow field. Tables 1, 2 show these effects for the case when 4ω tan ωt < 1, Tables 3, 4 show them for the case when 4ω tan ωt = 1 and Tables 5 and 6 present them for the case when 4ω tan ωt > 1, respectively. It is seen that as the amplitude εA increases, the flow velocity also increases for all the cases but the magnitude is largest for the case when 4ω tan ωt = 1. The effect on the temperature field due to the increase in amplitude is such that it also increases as εA increases. The magnitude of this growth is very large for a comparable frequency parameter, which is observed in Tables 1, 3 , 5. Table 4 displays the effect of the frequency parameter on the flow velocity for case when 4ω tan ωt = 1. Its effect on temperature is shown in Fig. 6 . The velocity increases slightly for ω < 1 and remains almost constant for ω > 1.
The effect of the periodic frequency parameter ωt on the velocity and temperature values is shown in Tables 2, 6 . As the periodic frequency parameter ωt increases, both the velocity and temperature remain almost constant in the case when 4ω tan ωt < 1 but they decrease in the case when 4ω tan ωt > 1.
Thus, one can conclude that the flow can be controlled by considering different fluids having different viscosities, conductivities and also by varying the oscillation amplitude. 25.662 -1.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 Table 4 12 ;
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